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Abstract
We consider replicated O(N) symmetry in two dimensions within the exact framework of
scale invariant scattering theory and determine the lines of renormalization group fixed points
in the limit of zero replicas corresponding to quenched disorder. A global pattern emerges
in which the different critical lines are located within the same parameter space. Within
the subspace corresponding to the pure case (no disorder) we show how the critical lines
for non-intersecting loops (−2 ≤ N ≤ 2) are connected to the zero temperature critical line
(N > 2) via the BKT line at N = 2. Disorder introduces two more parameters, one of which
vanishes in the pure limit and is maximal for the solutions corresponding to Nishimori-like
and zero temperature critical lines. Emergent superuniversality (i.e. N -independence) of
some critical exponents in the disordered case and disorder driven renormalization group
flows are also discussed.
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1 Introduction
Critical behavior in statistical systems is controlled by fixed points of the renormalization group.
These are points in coupling space where the divergence of the correlation length allows for scale
invariance to emerge. Fixed points are naturally described within the field theoretical framework,
which in particular allows to see how their invariance properties actually extend, beyond scale
transformations, to conformal transformations (see e.g. [1]). The charm and, at the same
time, the difficulty of critical phenomena is that in general they correspond to non-trivial fixed
points of the renormalization group, i.e. to interacting field theories that can only be studied
within some approximation. An important exception is represented by the two-dimensional case,
where conformal symmetry becomes infinite dimensional and conformal field theory (CFT) has
provided a plethora of exact results extending to multi-point correlation functions at non-trivial
fixed points [2, 3]. While this is a fantastic achievement, there are cases in two dimensions
in which the sophisticated tools of CFT (e.g. differential equations for correlation functions)
are not available, or have been so far too difficult to implement. In this respect, the idea of
implementing the infinite dimensional conformal symmetry in a basis of particles rather than
fields [4, 5] has proved quite useful. The resulting scale invariant scattering approach relies on
few basic ingredients, i.e. elasticity of scattering processes, crossing symmetry and unitarity of
the scattering matrix. This minimality of means makes the formalism very general and yields
exact equations that allow to explore the space of fixed points with a given internal symmetry.
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For the permutational symmetry Sq, characteristic of the q-state Potts model, this explo-
ration was performed in [6] and revealed new results. In particular, the maximal value of q
allowing for a fixed point was found to be1 5.56.., instead of the previously expected value 4.
This leaves room for a second order phase transition in a q = 5 antiferromagnet for which lattice
candidates exist [8, 9]. A line of fixed points with q = 3 and central charge 1 was also predicted
for which a lattice realization has recently been found [10].
A further, particularly remarkable feature of the scale invariant scattering formalism in two
dimensions is that it extends to the problem of quenched disorder [11], i.e. to those “random”
fixed points that had seemed out of reach for exact methods. In particular, for the random
bond Potts model it was then possible to see analytically for the first time the softening of the
phase transition by disorder above q = 4 [11], a phenomenon expected on rigorous grounds [12]
(see also [13]). Quite unexpected was instead the emergence of a mechanism allowing for the
q-independence of the correlation length critical exponent ν, with the magnetization exponent β
remaining q-dependent [11]. This phenomenon of partial superuniversality finally accounts for
the evidence emerged from a variety of investigations [14, 15, 16, 17, 18, 19, 20, 21, 22] that ν
does not show any appreciable deviation from the value 1 up to q =∞.
Recently [23] we have shown how the scale invariant scattering approach can be applied to the
O(N) vector model with quenched disorder and gives global and exact access to a pattern of fixed
points that previously had been the object of perturbative (for weak disorder) [24] and numerical
[25] studies. In this paper we give all the solutions of the fixed point equations (table 1 below)
and discuss their physical properties. In particular, we show how the critical lines parametrized
by N are located with respect to each other in the space of parameters. This is interesting
already for the case without disorder (“pure”), for which we exhibit how the passage from the
critical lines for non-intersecting loops (−2 < N < 2) to the zero temperature critical points
(N > 2) is “mediated” by the Berezinskii-Kosterlitz-Thouless (BKT) line at N = 2 (figure 4).
Disorder introduces two more dimensions in parameter space (figure 6), and the behavior of one
of these disorder parameters, which we call ρ4, as a function of N allows us to divide the critical
lines in three classes. The class with ρ4 = 0 corresponds to the pure case, while a class with
ρ4 = 1 includes Nishimori-like multicritical points. A third class, with ρ4 varying between 0 and
1, describes fixed points possessing a weak disorder limit. Renormalization group flows between
different critical lines can be inferred and associated to the phase transition boundary in the
disordered spin model (figure 7).
The paper is organized as follows. In the next section we recall basic definitions of the
lattice O(N) vector spin model and then give the scale invariant scattering description of O(N)
symmetry in the replicated setting required for the study of disorder. In section 3 we give the
solutions of the fixed point equations obtained from the scattering formalism, presenting first the
pure case, then the replicated case, and finally the disorder limit of zero replicas. The physical
properties of the solutions are then discussed in section 4 for the pure case and in section 5
1The fixed points obtained in [6] contain fields with real scaling dimensions and are not related to the complex
CFT’s with q > 4 recently studied in [7].
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for the disordered case. The last section contains a summary of results and some additional
remarks.
2 O(N) model and scale invariant scattering
The O(N) symmetry we study in this paper can be realized on a lattice considering the spin
model defined by the Hamiltonian
H = −
∑
〈i,j〉
Jij si · sj , (1)
where si is a N -component unit vector located at site i, the sum is taken over nearest neighboring
sites, and Jij are bond couplings. The pure case is that in which Jij = J ; J > 0 for a ferromagnet.
The disordered, or random, case (see e.g. [1]) corresponds instead to bond couplings drawn from
a probability distribution P (Jij), with the average over disorder taken on the free energy,
F =
∑
{Jij}
P (Jij)F (Jij) . (2)
Most theoretical treatments of disorder rely on the fact that F is related to the partition function
Z =
∑
{si}
e−H/T as F = − lnZ, so that the identity
F = −lnZ = − lim
m→0
Zm − 1
m
(3)
transforms the problem into that of m→ 0 replicas coupled by the disorder average. A particu-
larly interesting disorder distribution is that mixing ferromagnetic and antiferromagnetic bonds
in the form
P (Jij) = pδ(Jij − 1) + (1− p)δ(Jij + 1) ; (4)
the pure ferromagnet is recovered when the fraction 1 − p of antiferromagnetic bonds goes to
zero. Figure 1 qualitatively shows the phase diagram obtained by numerical simulations (see e.g.
[26, 27]) for the two-dimensional Ising model with the disorder distribution (4). A ferromagnetic
and a paramagnetic phase are separated by a phase boundary along which some fixed points
of the renormalization group are located. Besides the pure fixed point and a zero temperature
fixed point, the multicritical point known as Nishimori point [28] is also present.
Our goal is that of identifying renormalization group fixed points for the case of O(N) sym-
metry in two dimensions, both in the pure and in the disordered case. We exploit the fact
that scale invariance implies an infinite correlation length, and allows the study of universal
properties directly in the continuum, within a field theoretical framework. Since we consider
systems that (after the disorder average, in the disordered case) are translationally and rota-
tionally invariant, the corresponding field theory is the analytic continuation to imaginary time
of a relativistically invariant quantum field theory. As shown in [4] and [11] for the pure and
random case, respectively, these theories can be studied directly at fixed points exploiting the
particle formalism. The first step is to identify the particle basis corresponding to the symmetry
3
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Figure 1: Qualitative phase diagram and expected fixed points for the two-dimensional Ising
model with the disorder distribution (4). 1 − p is the amount of disorder with respect to the
pure ferromagnet, and M indicates the multicritical (Nishimori) point.
of the problem, and for O(N) this is obtained through a vector multiplet representation of the
particle excitations. Scale invariance in two (one space and one time) dimensions2 implies that
these particles are left- and right-movers with momentum and energy related as p = ±E. In
addition, within the replicated setting needed to deal with disorder, the excitations exist in each
of the m replicas. We will denote them as ai, where a = 1, 2, . . . N labels the components of the
vector multiplet, and i = 1, 2, . . . ,m labels the replicas. In local field theories scale invariance
gets enlarged to conformal invariance, and in two dimensions the latter is an infinite dimensional
symmetry [2, 3]. Hence, there are infinitely many conserved quantities forcing the scattering of
a right-mover with a left-mover to lead to final states still containing only a right-mover and
a left-mover (“elasticity”). Moreover, scale invariance forces the scattering amplitudes to be
energy independent. The product of two vectorial representations allows for the six scattering
amplitudes shown in figure 2 [23]. They amount to transmission and reflection of the particles in
the same replica (S2 and S3, respectively), or in different replicas (S5 and S6); it is also possible
that two identical particles annihilate and produce another pair in the same replica (S1) or in a
different replica (S4). The amplitudes are related under exchange of space and time directions
by crossing symmetry [29], which yields the relations
S1 = S
∗
3 ≡ ρ1 eiφ, (5)
S2 = S
∗
2 ≡ ρ2, (6)
S4 = S
∗
6 ≡ ρ4 eiθ, (7)
S5 = S
∗
5 ≡ ρ5, (8)
and allows us to write the amplitudes in terms of the variables ρ1 and ρ4 non-negative, and
2See [5] for an overview on fields, particles and critical phenomena in two dimensions.
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Figure 2: Scattering amplitudes of the replicated O(N) theory. Time runs upwards, indices i
and j label different replicas.
ρ2, ρ5, φ and θ real. A final fundamental constraint for the amplitudes is provided by the
requirement of unitarity of the scattering matrix, which is pictorially expressed in figure 3 and
produces the equations
ρ21 + ρ
2
2 = 1 , (9)
ρ1ρ2 cosφ = 0 , (10)
Nρ21 +N(m− 1)ρ24 + 2ρ1ρ2 cosφ+ 2ρ21 cos 2φ = 0 , (11)
ρ24 + ρ
2
5 = 1 , (12)
ρ4ρ5 cos θ = 0 , (13)
2Nρ1ρ4 cos(φ− θ) +N(m− 2)ρ24 + 2ρ2ρ4 cos θ + 2ρ1ρ4 cos(φ+ θ) = 0 . (14)
Equations (9) and (12) yield the restrictions
0 ≤ ρ1 ≤ 1 , −1 ≤ ρ2 ≤ 1 , (15)
0 ≤ ρ4 ≤ 1 , −1 ≤ ρ5 ≤ 1 , (16)
Notice that, while N and m are originally positive integers, they enter the equations as param-
eters that can be treated as taking real values. In particular, the disorder limit m → 0 can be
taken without difficulty.
It is not difficult to check that the superposition of two-particle states
∑
a,i aiai scatters into
itself with the amplitude
S = NS1 + S2 + S3 + (m− 1)NS4 , (17)
which has to be a phase by unitarity. Similarly, the superpositions aibi ± biai and aibj ± bjai
scatter into themselves with phases
Σ± = S2 ± S3 , (18)
Σ¯± = S5 ± S6 , (19)
respectively.
It was shown in [4, 30] that the amplitude corresponding to the symmetry invariant scattering
channel, which in the present case is the phase (17), can be written as
S = e−2ipi∆η , (20)
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Figure 3: Pictorial representations associated to the unitarity equations (9)–(14), in the same
order. The dotted scattering nodes stay for any of the amplitudes in figure 2. The lower
amplitude multiplies the complex conjugate of the upper amplitude, and summation is performed
over all intermediate particle labels compatible with the assigned external labels.
where ∆η is the conformal dimension of the chiral field η that creates a right-moving particle. We
recall that the conformal dimensions (∆Φ, ∆¯Φ) of a field Φ(x) determine the scaling dimension
XΦ and the spin sΦ as
XΦ = ∆Φ + ∆¯Φ , (21)
sΦ = ∆Φ − ∆¯Φ . (22)
A field is chiral if one of its conformal dimensions vanishes. The energy density field ε(x) and the
spin field s(x), which are the other two main fields to be considered below, are instead spinless
fields (∆ε = ∆¯ε, ∆s = ∆¯s).
3 Solutions of the fixed point equations
The solutions of the equations (9)–(14) correspond to renormalization group fixed points invari-
ant under O(N) transformations and replica permutations. In this section we give the solutions
to these equations. We start with the pure case (m = 1), and then move to the case of m
generic, which we finally specialize to the disorder limit m = 0. The analysis will lead to the
results for the pure and disordered solutions summarized in table 1. In this table and in the
whole discussion we take into account that equations (9) and (12) allow us to write
ρ1 =
√
1− ρ22 , (23)
ρ5 = ±
√
1− ρ24 , (24)
so that the number of parameters characterizing the solutions is four. Two of them (φ and ρ2)
are sufficient to span the space of solutions for the pure case, while the remaining two (ρ4 and
θ) are disorder parameters. The quadratic nature of the unitarity equations leads to solution
doublings according to the sign of some parameters. While these doublings are not expected to
be always physical, we will show in section 4 that in some cases they are.
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3.1 Pure case
In the pure case only the amplitudes S1, S2, and S3, which involve a single replica, are physical,
and we have only equations (9), (10), and (11), the latter with m = 1. Equivalently, the pure
case can be regarded as that of m decoupled replicas (S4 = S6 = 0, S5 = ±1), and is obtained
for ρ4 = 0. Since the replicas are coupled by the disorder, it follows that ρ4, to which we refer
as “disorder modulus”, gives a measure of disorder strength3.
The solutions for the pure case are those of type P in table 1. The solutions P1± exist for
any N and correspond to non-interacting bosons/fermions. Indeed, scattering on the line mixes
statistics and interaction, and the transmission amplitude −1 corresponds to free fermions. The
solutions P3± exist only for N = 2 and contain ρ1 as a free parameter corresponding to the
coordinate along a line of fixed points.
3.2 Interacting replicas
Interacting replicas require ρ4 6= 0, and (13) shows that we can distinguish two classes of solutions
– one with cos θ = 0 and one with ρ5 = 0. Below we restrict our attention to solutions defined
in intervals of m containing m = 0, which are those of interest for the purpose of taking the
disorder limit. In writing the solutions we take into account that the equations fix the relative
sign of sinφ and sin θ, which we specify giving the value of
γ ≡ sgn(sinφ sin θ) . (25)
Up to sign doublings, there are two solutions in the class with cos θ = 0. The first is defined
for N ∈ [−√2− 1,−2] ∪ [√2− 1,∞) and reads
ρ2 = 0, ρ4 = |N − 1|
√
N + 2
N (Nm2 + (N + 1)2(1−m)) ,
2 cosφ = ±
√
4(1−m)−N(N − 2)m2
(N + 1)2(1−m) +Nm2 ,
−
√
2− 1 ≤ N ≤ −2, − 2|N | ≤ m ≤ N
2+2N−1
N , γ = +1√
2− 1 = N∗ ≤ N < 1, m ≥ N2+2N−1N , γ = −1
1 < N ≤ 2, m ≤ 2N , γ = +1
N > 2, 22−N ≤ m ≤ 2N , γ = +1,
(26)
where, for different intervals of N , we specified the value of γ and the allowed interval of m.
The second solution with cos θ = 0 is defined only for N = 0 and has
ρ2 = ±1, 0 ≤ ρ4 ≤ 1 ; (27)
3For strong disorder, however, also the second disorder parameter θ becomes important, see below.
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it is m-independent and corresponds to a line of fixed points parametrized by ρ4.
Up to sign doublings, the class with ρ5 = 0 contains four solutions. The first is defined for
any N and reads
ρ1 = ρ4 = 1, 2 cos φ = ±
√
2−Nm,
2 cos θ = ±
√
2−Nm(N2 − 1 +N(2−m))
N2(1−m) + 1 , −
2
|N | ≤ m ≤ 2|N | ,
(28)
with γ = ±1 when (m −m(N)) sgn(N) ≷ 0, where m(N) = 2 −N + 1N is the boundary along
which γ = 0. The second solution is also defined for any N , differs from the previous one only
in θ, and reads
ρ1 = ρ4 = 1, 2 cos φ = 2cos θ = ±
√
2−Nm, γ = +1, − 2|N | ≤ m ≤ 2|N | . (29)
The third and fourth solutions with ρ5 = 0 are defined only for N ≤ 0 and again differ from
each other only for the value of θ. We write them as
ρ1 =
√
N(m− 1)
2−N , ρ2 = ±
√
2−Nm
2−N , cosφ = 0, ρ4 = 1, (30)
cos θ =

∓
√
2−Nm
2−N
(N−1)
√
N(m−1)(2+Nm)+N(2−m)
2(N2(1−m)+1)
,
±
√
2−Nm
2−N
(N−1)
√
N(m−1)(2+Nm)−N(2−m)
2(N2(1−m)+1) ;
the upper solution for cos θ has γ = 1 and − 2|N | ≤ m ≤ 22−N , while the lower solution
has γ = − sgn (m− m˜(N)) and − 2|N | ≤ m ≤ min
[
2
|N | , 1
]
, where m˜(N) = 2[(N − 1)2 −√
2N2 − 6N + 5]/(N2 − 2N).
3.3 Disorder limit
We now take the limit m→ 0 of the results of the previous subsection and obtain the solutions
of type V and S in table 1.
The solution V 1± is the limit of (26), and has γ = −1 for N∗ ≤ N < 1 and γ = 1 otherwise.
V 2± coincides with (27), which was m-independent. The solutions S1± and S2± are obtained
from (28) and (29), respectively; γ is negative only for S1± in the interval 1−
√
2 < N < 1+
√
2.
Finally, the solutions S3± and S4± are obtained from (30) and are specified in table 1 with
f±(N) =
√−N(N ±√−2N − 1)√
2−N(N2 + 1) ; (31)
γ is negative only for S4± in the interval N˜ < N ≤ 0, where N˜ ≃ −0.839 is the real root of the
polynomial N3 − 2N2 + 2.
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Solution N ρ2 cosφ ρ4 cos θ
P1± R ±1 - - -
P2± [−2, 2] 0 ±12
√
2−N - -
P3± 2 ±
√
1− ρ21 0 - -
V1±
[−1−
√
2,−2]
∪ [
√
2− 1,∞)
0 ± 1|N + 1|
∣∣∣∣N − 1N + 1
∣∣∣∣
√
N + 2
N
0
V2± 0 ±1 - [0, 1] 0
S1± R 0 ± 1√
2
1 ±N
2 + 2N − 1√
2(N2 + 1)
S2± R 0 ± 1√
2
1 ± 1√
2
S3± (−∞, 0] ±
√
2
2−N 0 1 ∓f+(N)
S4± (−∞, 0] ±
√
2
2−N 0 1 ±f−(N)
Table 1: Solutions corresponding to renormalization group fixed points with O(N) symmetry
in the pure (P type) and disordered (V and S types) cases. The functions f±(N) are given by
(31).
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4 Properties of solutions for the pure case
4.1 Critical lines of non-intersecting loops
The solutions P2± have already been identified in [4, 6]; here we summarize the main steps of
the derivation and the results. For N = 2 these solutions coincide with the point S2 = 0 of the
solution P3 that, as we will see below, corresponds to a CFT with central charge c = 1. Since
the central charge grows with N , the CFT’s describing the solutions P2± will have c ≤ 1. In
this subspace of CFT a main physical role is played by the “degenerate” primary fields Φm,n
[2, 3] with conformal dimensions
∆m,n =
[(p + 1)m− pn]2 − 1
4p(p+ 1)
, (32)
where m,n = 1, 2, . . ., and p determines the central charge through the relation
c = 1− 6
p(p+ 1)
. (33)
The energy density field ε(x) is expected to be a degenerate field, and at N = 1 for one of the two
solutions should have the conformal dimension ∆ε = 1/2 of the Ising model (p = 3). This leads
to the identification ε = Φ1,3, while the alternative choice Φ2,1 is found to correspond to the q-
state Potts model. The requirement that the chiral field η entering (20) is local4 with respect to
ε then leads to the identification η = Φ2,1, i.e. to the determination of ∆η as a function of p. On
the other hand, ∆η is given as function of N by the relation (20), in which S = NS1+S3 = −e3iφ
for the solutions P2±. For N = 1 the solution we are discussing corresponds to Ising, i.e. to a
free fermion theory with S = −1, and this selects P2−. Comparing the two results for ∆η (one
as a function of p and one as a function of N) we obtain the relation N = 2cos pip for the solution
P2−. A slightly more general analysis involving nondegenerate fields [4] yields also ∆s = ∆1/2,0
for the conformal dimension of the spin field.
The simplest way to identify the solution P2+ is to recall that the perturbation by the
field Φ1,3 of the CFT’s with central charge (33) yields (for one sign of the coupling) flows
to infrared fixed points with central charge corresponding to p − 1 [31]. Since the Φ1,3 = ε
perturbation preserves O(N) symmetry, the infrared line of fixed points corresponds to P2+,
and has N = 2cos pip+1 . Together with (20), this relation yields ∆η = ∆1,2, a result differing
from that for P2− for the interchange of the indices m,n. This interchange is preserved by
the mutual locality arguments (which exploit the operator product expansion), and leads to
∆ε = ∆3,1 and ∆s = ∆0,1/2 for the critical line P2+. The results for the solutions P2± are
summarized in table 2.
The solutions P2± are characterized by S2 = 0, i.e. by the absence of intersection of particle
trajectories (see figure 4). It must be recalled that it is possible to map (see e.g. [1]) the partition
function of a O(N) invariant ferromagnet on that of a loop gas,
Zloops =
∑
G
KnbNnl , (34)
4Two fields Φ1 and Φ2 are mutually local if the correlators 〈· · ·Φ1(x1)Φ2(x2) · · · 〉 are single valued.
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Solution N c ∆η ∆ε ∆s
P1− R
N
2
1
2
1
2
1
16
P1+ R N − 1 0 1 0
P2− 2 cos
pi
p 1− 6p(p+1) ∆2,1 ∆1,3 ∆ 1
2
,0
P2+ 2 cos
pi
p+1 1− 6p(p+1) ∆1,2 ∆3,1 ∆0, 1
2
P3± 2 1
1
4b2
b2 1
16b2
Table 2: Central charge and conformal dimensions for the solutions of the pure case. The
conformal dimensions ∆µ,ν are specified by (32). Other specifications are discussed in the text.
where the sum is over loop configurations G, K is the coupling in the spin formulation, nb is the
number of lattice edges occupied by loops, and nl is the number of loops. A noticeable feature of
the loop formulation is that it implements on the lattice the continuation to non-integer values of
N ; in particular, for N → 0 it describes the statistics of self-avoiding walks [32]. The loop model
can be solved exactly on the honeycomb lattice [33], on which the loops cannot intersect. The
solution yields two critical lines that are defined in the interval N ∈ [−2, 2], coincide at N = 2,
and have critical exponents that were first identified in [34] as corresponding to the conformal
dimensions ∆s and ∆ε deduced above for the scattering solutions P2±. The two critical lines
are often referred to as “dilute” and “dense” with reference to the loop properties they control5,
and correspond to the solutions P2− and P2+, respectively. The analogy between loop paths
and particle trajectories was originally observed in [36] for the off-critical case.
4.2 Critical line at N = 2 and the BKT phase
The solutions P3± can be rewritten as
ρ1 = sinα , ρ2 = cosα , φ = −pi
2
. (35)
The presence of a free parameter (α in the formulation (35)) leads to a line of fixed points with
N = 2. This is not surprising since it is well known that the realization of O(2) symmetry with
smallest central charge in two-dimensional CFT is provided by the free bosonic theory with
action
A = 1
4pi
∫
d2x (∇ϕ)2 , (36)
which indeed describes a line of fixed points with central charge c = 1 [3]. The energy density
field ε(x) = cos 2bϕ(x), with conformal dimension ∆ε = b
2, contains the parameter b providing
the coordinate along the line of fixed points. It was shown in [4] that ∆η = 1/4b
2 on this line.
Since (17) gives S = e−iα, (20) yields the relation
α =
pi
2b2
, (37)
5See [35] about the renormalization group properties of the dense phase on lattices allowing for loop intersec-
tions.
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Figure 4: Solutions of fixed point equations in the pure case. Those with S2 = 0 correspond
to the critical lines for the dilute (continuous) and dense (dotted) phases of non-intersecting
loops. The piece P3+ of the line of fixed points for N = 2 accounts for the BKT phase of the
XY model. The solution P1+ corresponds to the zero temperature critical point of the N > 2
ferromagnet.
which satisfies S = −1 at the point b2 = 1/2. This is necessary because the theory (36) is known
to possess also a fermionic (Thirring) formulation with action [3]
A =
∫
d2x
∑
i=1,2
(ψi∂¯ψi + ψ¯i∂ψ¯i) + g(b
2)ψ1ψ¯1ψ2ψ¯2
 , (38)
with b2 = 1/2 corresponding to free fermions (g(1/2) = 0). The particles a = 1, 2 of the
scattering theory correspond to the two neutral fermions in (38). O(2) symmetry of the action
(38) also yields ∆s = 1/16b
2 [4].
The intervals α ∈ [0, pi/2] and α ∈ [pi/2, pi] correspond to solutions P3+ and P3−, respec-
tively, and have in common the point α = pi/2, which is also the merging point of the solutions
P2± (see figure 4). Since the field ε = cos 2bφ is irrelevant in the renormalization group sense
(∆ε = b
2 > 1) for α ∈ [0, pi/2], P3+ accounts for the BKT phase [37] of the XY ferromagnet,
i.e. the model with Hamiltonian (1), Jij = J > 0 and N = 2. The point α = pi/2 is the BKT
transition point, where the field ε becomes marginal (∆ε = 1).
Since φ is fixed in (35), ρ1 does not need to be positive. The part of the c = 1 line with
b2 < 1/2 (i.e. α > pi) is then also mapped on (35), and corresponds to P3+ or P3− depending
on the sign of ρ2.
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4.3 Free solutions and zero temperature critical point for N > 2
The solutions P1+ and P1− are purely transmissive and correspond to free bosons and fermions,
respectively. P1− can straightforwardly be identified as corresponding toN free neutral fermions,
for a total central charge c = N/2. For N = 2 one recovers the c = 1 free fermion point de-
scribed by (36) for b2 = 1/2, or by (38) with g = 0; this is the contact point between P1−
and P3− in figure (4). For N = 1 one recovers the Ising central charge 1/2. Notice, however,
that this Ising point on P3− does not coincide in scattering space with that on P2−, which
is realized non-transmissively: indeed, for N = 1 there are no particle indices to distinguish
between S1, S2 and S3, and only S = S1 + S2 + S3 = −1 matters for a free fermion. The value
of the conformal dimension ∆s = 1/16 we report in table 2 for P1− is that of the multiplet
(s1, . . . , sN ) containing the spin fields of the N decoupled Ising copies. When comparing with
the free fermion point b2 = 1/2 of P3− one has to consider that the spin vector field along the
N = 2 line has a specific representation [4], which at b2 = 1/2 corresponds to the conformal
dimension6 ∆s1s2 = 2∆s1 = 1/8.
The solution P1+ can certainly describe N free bosons, namely a theory characterized by
the action
∑N
j=1
∫
d2x(∇ϕj)2, with ∆ε = ∆ϕ2j = 0, and c = N . However, the fact that the
point N = 2 of P1+ can also be seen as the limit b
2 → ∞ of P3+ (which has c = 1) says that
P1+ must also allow for a different interpretation. We recall that scattering on the line involves
position exchange, and mixes statistics with interaction. This is why for N = 2 the interacting
fermions of the theory (38) can appear for b2 → ∞ as two free bosons (S2 = 1). Interaction is
known to play a peculiar role also for the critical properties of the O(N) invariant ferromagnet
for N > 2 (see e.g. [1]). In this case there is a zero temperature critical point and the scaling
properties are described by the non-linear sigma model with action
ASM = 1
T
N∑
j=1
∫
d2x(∇ϕj)2 ,
N∑
j=1
ϕ2j = 1 , (39)
where the interaction is introduced by the constraint on the length of the vector (ϕ1, . . . , ϕN ).
The theory turns out to be asymptotically free, meaning that the short distance fixed point
(which describes the T = 0 critical point of the ferromagnet) is a theory of free bosons with
marginally relevant energy density field (∆ε = 1, implying exponentially diverging correlation
length as T → 0) and ∆s = ∆ϕj = 0. The constraint gives a central charge c = N − 1 instead
of N . The results for c and ∆s match those for N = 2, b
2 → ∞. Also ∆ε = 1 is recovered
once we notice that for b2 > 1 the field cos 2bϕ becomes irrelevant, so that the most relevant
O(2) invariant field is the marginal one that generates the line of fixed points at N = 2. It is
this sigma model interpretation of the solution P1+ that we report in table 2 together with the
other data discussed in this section.
6See also [38, 39] on spin fields in the fermionic theory (38) with N = 2.
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5 Properties of solutions for the disordered case
5.1 Critical lines with varying disorder modulus
Random fixed points have disorder modulus ρ4 6= 0, and we first consider the solutions V 1± of
table 1. They possess the characteristic property that ρ4 spans, as N varies, the range going
from 0 (pure case) to the maximal value 1. More precisely, we focus on the solution V 1−, which
for N = 1 coincides with the pure Ising model (point N = 1 of the solution P2−). We know from
the renormalization group version (see [1]) of the Harris criterion [40] that the scaling dimension
of weak disorder is twice that of the energy density field of the pure model. Since the pure Ising
model has ∆ε = 1/2, weak disorder is marginal
7 at N = 1. The fact that ∆ε = ∆1,3 along the
solution P2− implies that weak disorder is weakly relevant slightly below N = 1, and that a
random fixed point can be found perturbatively in this region; such a perturbative analysis is
similar to that for q → 2+ in the Potts model [42, 43] and was performed in [24]. More generally,
we conclude that the branch of the solution V 1− extending from N = 1, where ρ4 = 0, down to
N∗ =
√
2− 1 = 0.414.. , (40)
where ρ4 = 1, is a line of stable (infrared) fixed points. The existence of a lower endpoint N∗ for
the infrared critical line was argued in [24], where the estimate N∗ ≈ 0.26 was obtained in the
two-loop approximation. The subsequent estimate N∗ ≈ 0.5 obtained in [25] within a numerical
transfer matrix study is not far from our exact result.
For N > 1 the solution V 1− becomes a line of unstable fixed points, weak disorder becoming
irrelevant. Indeed the pure model has ∆ε > 1/2 both for 1 < N < 2, where it corresponds to
P2− with ∆ε = ∆1,3, and for N > 2, where it corresponds to P1+ with ∆ε = 1.
Figure 5 shows the real part of the scattering phase (17) for the solution (26) of the fixed point
equations, which in the limit m→ 0 becomes V 1−. We see (and it can be checked analytically)
that S becomes N -independent atm = 0, meaning that the symmetry sector of the superposition∑
a,i aiai, which is invariant under O(N) transformations and replica permutations, becomes
superuniversal along the line of fixed points V 1−. Since the energy density field ε(x) belongs
to this symmetry sector, the dimension ∆ε is expected to keep its N = 1 (pure Ising) value
1/2 along the line V 1−. This is analogous to the result [11, 44] recalled in the introduction for
the correlation length critical exponent ν = [2(1 − ∆ε)]−1 in the random bond q-state Potts
ferromagnet. On the other hand, the spin field does not fall into the superuniversal sector and
its dimension ∆s is expected to vary along the critical line V 1−. This dimension was measured
in [25] for N = 0.55 on the infrared fixed line and found to be consistent with the two-loop
result of [24].
5.2 Critical lines with maximal disorder modulus
The last class of solutions in table 1 is characterized by a maximal value ρ4 = 1 of the disorder
modulus and corresponds to critical lines that stay strongly disordered as N varies. We focus on
7It was shown in [41] to be marginally irrelevant.
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Figure 5: The scattering phase (17) exhibits superuniversality (N -independence) in the limit
m→ 0 corresponding to the solution V 1−.
the solutions S1 and S2, whose range of definition includes N positive. Continuing the physical
considerations of the previous subsection, we see that the infrared branch of the solution V 1−
coincides at its endpoint N∗ with the solution S1− (see figure 6). This indicates that for N > N∗
S1− is a line of unstable fixed points. There are renormalization group trajectories that emanate
from this line and end on the line V 1− for N ∈ (N∗, 1), and on the pure model for N > 1
(figure 7). The point N = 1 on the line S1− then corresponds to the Nishimori multicritical
point M in the Ising phase diagram of figure 1. A line of strongly disordered fixed points
extending for N > N∗ was indeed observed numerically in [25], and its universal properties at
N = 1 were found to be quantitatively consistent with those of the Nishimori point. We refer
to the portion N > N∗ of the critical line S1− as a line of Nishimori-like multicritical points,
implying by this that, from the renormalization group point of view, the points on this line play
a role analogous to that of the Nishimori point at N = 1, while the lattice gauge symmetry
characteristic of the ±J Ising model [28] is in general absent for N 6= 1. We also notice that the
symmetry sector corresponding to the scattering phases (18) is N -independent along S1−.
When we say that for N > 1 there is a renormalization group flow from the Nishimori-like
critical line S1− to the pure model, we mean solution P2− for N ∈ (1, 2), and solution P1+ for
N > 2. At N = 2 the flow from the Nishimori-like point can end on any point of the line of
fixed points P3+. This explains the BKT phase observed in numerical studies (see e.g. [45, 46])
of the disordered XY model8. These studies find a phase diagram analogous to that of figure 1,
with a BKT phase replacing the ferromagnetic phase.
It is a consequence of our analysis that, having ρ4 = 1, the Nishimori-like critical line never
approaches the pure case. It follows that the zero temperature fixed point of figure 1 must
have the same property, and must also belong to the class of solutions with ρ4 = 1. Excluding
S3 and S4, which are not defined for N positive, the main candidate for a zero temperature
8The model studied in [45, 46] is the random phase XY model, which has si = (cosαi, sinαi), nearest neighbor
interaction − cos(αi−αj+Aij), and random variables Aij drawn from a distribution P (Aij) ∝ e
−A2ij/σ; σ replaces
1− p in figure 1. Since our formalism relies only on symmetry, it applies also to this type of disorder.
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Figure 6: Critical lines in the space of the two disorder parameters. The pure case corresponds
to S4 = 0, while lines that are strongly disordered for any N lie on the cylinder |S4| = ρ4 = 1.
critical line appears to be S2−, which differs from S1− only for the θ-dependence. Notice that
this solution actually is completely N -independent, so that conformal dimensions and critical
exponents should not vary along it. Hence, S2− is expected to be a line of infrared fixed points
for any N . It follows that for −2 < N < N∗, where the pure solution is unstable and the solution
V 1− is not defined, the flow from the pure model should end directly on the zero temperature
line S2−.
The pattern of disorder driven flows discussed in this section is schematically summarized
in figure 7. For N∗ < N < 1 there is a sequence of three flows between four fixed points
(P2− → V 1− ← S1− → S2−) that accounts for the pattern observed numerically at N = 0.6
in [25]. The flows observed in [25] in the ranges 0 < N < N∗ and 1 < N < 2 also match those
following from our identifications. Our results also explain why the flow from the pure model
to the Nishimori-like point is not observed in [25] for N > 2. The reason is that for N > 2 the
hexagonal lattice loop model studied in that paper cannot see the critical point of the pure O(N)
model9. Indeed, we saw that this corresponds to P1+, a purely transmissive (S1 = S3 = 0)
solution that is not realized on the hexagonal lattice.
The fact that for N > 2 both the pure fixed point and that corresponding to S2− fall at
zero temperature suggests that in this range also the Nishimori-like fixed point should be at
zero temperature. In this respect it is interesting to notice that two zero temperature disordered
fixed points were found in [25] for N = 8.
One implication of our results is that the large distance physics of self-avoiding walks in a
random medium (N = 0) is controlled by the fixed point on S2−. Consistently, the amplitudes
S2 and S5 corresponding to intersecting walks vanish for this solution.
9It sees instead a critical point with Z3 symmetry inherited from the lattice structure [47].
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Figure 7: Schematic illustration of lines of fixed points and renormalization group flows between
them. The critical pure model is at the bottom (P2−, P1+), and is connected to the Nishimori-
like multicritical line S1− by the line of stable fixed points V 1−, which spans the interval
N ∈ (N∗ =
√
2 − 1, 1). S2− is a line of zero temperature stable fixed points. For N = 1 the
renormalization group trajectories correspond to the phase boundary of figure 1.
6 Conclusion
We obtained all solutions of the exact fixed point equations yielded by the scale invariant scat-
tering formalism for replicated O(N) symmetry, which we then specialized to the limit of zero
replicas that implements quenched disorder. The method is particularly powerful since, as N
varies, the different lines of fixed points are obtained exactly and can be located within the
same parameter space. This is relevant already for the critical lines of the pure case, which fall
into a subspace spanned by N and two interaction parameters. We have shown, in particular,
how the lines of fixed points ruling the critical behaviors of the dilute and dense phases of non-
intersecting loops (−2 ≤ N ≤ 2) are connected to the zero temperature fixed points for N > 2
via the BKT line at N = 2. Our solutions also show that for N > 2 the pure case corresponds
to purely intersecting paths, and clarify why such fixed points are not observed in studies of the
loop gas on the hexagonal lattice.
Disorder introduces two additional parameters that we call ρ4 and θ. The “disorder mod-
ulus” ρ4 vanishes in the pure limit, while its maximal value 1 selects a subspace of solutions
containing the stable zero temperature critical line and a line of Nishimori-like multicritical
points (coinciding with the Nishimori point at N = 1). We identified the main candidate for
the stable zero temperature critical line with a completely N -independent solution, and it would
be very interesting to test this conjectured superuniversality of critical exponents by numerical
simulations in the disordered model for different values of N .
A solution with ρ4 varying with N describes a line of infrared fixed points going from N∗ =√
2 − 1 = 0.414.. on the Nishimori-like line to the pure Ising fixed point at N = 1. Along this
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infrared line we find superuniversality in the symmetry sector containing the correlation length
critical exponent ν, a prediction that could be tested through the numerical transfer matrix
approach of [25]. The estimate N∗ ≈ 0.5 obtained in that paper is consistent with our exact
result.
For −2 < N < N∗ we find that weak disorder drives the system directly to the zero temper-
ature fixed point, consistently with the pattern observed numerically in [25]. In particular this
occurs for the case N = 0 corresponding to self-avoiding walks in a disordered medium. Hence,
if complete superuniversality of the zero temperature critical line is confirmed, it should also
yield the exponents of the disordered polymer. For N ≥ 1 weak disorder is irrelevant and there
is renormalization group flow from the Nishimori-like line to the pure model.
In general, the scale invariant scattering approach to random criticality in two dimensions
initiated in [11] has shown, when such an outcome no longer seemed likely, that exact results
can be obtained for this problem. In particular, it shows that random fixed points possess con-
formal invariance, which in the particle description is responsible for the elasticity of scattering
processes. It also emerges that the CFT’s of random fixed points allow for superuniversal (sym-
metry independent) sectors, a circumstance that has no counterpart in the pure case. Probably
this peculiarity has contributed to the difficulty of identifying CFT’s of random criticality but,
having been recognized, could also serve as a guide towards the remaining goal – completing for
the random solutions a table of conformal data similar to table 2 above for the pure ones.
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